In this paper, we construct various examples of Lagrangian mean curvature flows in Calabi-Yau manifolds, using moment maps for actions of abelian Lie groups on them. The examples include Lagrangian self-shrinkers and translating solitons in the Euclidean spaces. Moreover, our method can be applied to construct examples of Lagrangian mean curvature flows in non-flat Calabi-Yau manifolds. In particular, we describe Lagrangian mean curvature flows in 4-dimensional Ricci-flat ALE spaces in detail and investigate their singularities.
Introduction
Special Lagrangian submanifolds in Calabi-Yau manifolds were introduced as special classes of minimal submanifolds in [7] . Since their importance was pointed out in the context of mirror symmetry in [15] , they have been intensively studied. As a fundamental tool for constructing special Lagrangian submanifolds, Lagrangian mean curvature flows have been expected. In [16] Thomas-Yau proposed a conjecture, which is reformulated by Joyce [9] recently, that the long-time existence of Lagrangian mean curvature flows are closely related to the stability of Lagrangian submanifolds. This conjecture is a central problem in this area. Main difficulties in studying mean curvature flows come from singularities of the flow. In [6] Huisken showed that, if we rescale the mean curvature flow at a type I singularity, the blowup limit is a self-shrinker. It is also known that a translating soliton appears as a certain blow-up limit at another type of singularities. Therefore, it is important to study self-shrinkers or translating solitons, which can be considered as local models of singularities of mean curvature flows.
In the case of Lagrangian mean curvature flows, there are some examples of self-shrinkers or translating solitons as follows. Anciaux [1] , Lee-Wang [13, 14] constructed examples of Lagrangian self-shrinkers and self-expanders. Later, Joyce-LeeTsui [8] constructed another type of Lagrangian self-shrinkers and self-expanders as well as Lagrangian translating solitons. Moreover, Castro-Lerma [5] also constructed another type of Lagrangian translating solitons in C 2 . Recently, in [17] , Yamamoto pointed out that some of these constructions can be interpreted in terms of moment maps for Hamiltonian torus actions on toric Calabi-Yau manifolds and he also constructed examples of generalized Lagrangian mean curvature flows in the sense of [3] in almost Calabi-Yau manifolds.
In this paper, we construct of various examples of Lagrangian mean curvature flows, using moment maps for actions of abelian Lie groups on Calabi-Yau manifolds. Since some parts of Yamamoto's construction rely on toric geometry, we get rid of it so that our construction can be applied to more general cases. Roughly speaking, we prove the following. See Theorem 2.3 for the precise statement.
Theorem 1.1 Let M be a Calabi-Yau manifold and L a special Lagrangian submanifold. Suppose there is an isometric and Hamiltonian action of an abelian Lie group
H with a moment map µ H : M → h * . Suppose also that the H-orbit through p ∈ L intersects with L orthogonally for each p ∈ L. Fix c 0 ∈ h * and set V c = µ
* . Then there exist a H ∈ h * and a vector field χ, which is written in terms of a H explicitly, on L such that the following holds: (1) Let γ p : [0, T ) → L be the integral curve of the vector field χ with γ p (0) = p. If p ∈ V c 0 , then γ p (t) ∈ V ct holds, where c t = c 0 − ta H ∈ h * . (2) Define a family of maps {F t : V c 0 × H → M} t∈[0,T ) by F t (p, h) = γ p (t)h.
If it exists, then it is a Lagrangian mean curvature flow.
Using the above theorem, we construct various examples of Lagrangian mean curvature flows. Our basic examples are Lagrangian self-shrinkers, which were already found in [14] as well as Lagrangian translating solitons in the Euclidean spaces, which are higher dimensional generalizations of ones given in [5] .
Moreover, our construction can be applied to construct Lagrangian mean curvature flows in non-flat Calabi-Yau manifolds. 4-dimensional Ricci-flat ALE spaces of A n -type are hyperKähler manifolds, on which S 1 acts, preserving their hyperKähler structures. These S 1 -actions are extended to T 2 -actions, which preserve only their Kähler structures. We use these actions not only for constructing Lagrangian mean curvature flows in these spaces, but also for investigating singularities of the flows. As a result, we see that the singularities are type I and determine the blow-up limits at the singularities.
The condition in Theorem 1.1, that the H-orbit through p ∈ L intersects with L orthogonally for each p ∈ L, has already appeared in Chapter 9 in [10] , where Joyce constructed examples of special Lagrangian submanifolds of C m by using momant maps. His construction is the case a H = 0 in Theorem 1.1. Thus our theorem can be considered as a generalization of Joyce's construction of special Lagrangian submanifolds to Lagrangian mean curvature flows. The author would like to thank Dominic Joyce for informing him of it.
Contents of this paper is as follows. In Section 2, we state our general construction and prove it. In Section 3, we apply the construction to the Euclidean spaces to get Lagrangian self-shrinkers, self-expanders, and translating solitons. In Section 4, we apply our construction to hyperKähler manifolds which admit isometric, I 1 -antiholomorphic and I 2 -holomorphic involutions. As examples of this construction, we describe Lagrangian mean curvature flows in 4-dimensional Ricci-flat ALE spaces of A n -type in Section 5.
Constructions of Lagrangian mean curvature flows
Let (M, I) be a complex manifold. Here, I is an integrable almost complex structure, which is an automorphism of the tangent bundle T M satisfying I 2 = −1 and the integrability condition. A Kähler form ω on (M, I) is an I-invariant symplectic form which induces a Riemannian metric g(u, v) = ω(u, I p v) for p ∈ M and u, v ∈ T p M. Definition 2.1 A Calabi-Yau n-fold is a quadruple (M, I, ω, Ω) such that (M, I) is an n-dimensional complex manifold equipped with a Kähler form ω and a holomorphic volume form Ω which satisfy the following relation:
It is well known that Calabi-Yau manifolds are Ricci-flat. Moreover, if L is an oriented Lagrangian submanifold of a Calabi-Yau manifold (M, I, ω, Ω) with the Kähler metric g, then there exists a function θ : L → R/2πZ, which is called the Lagrangian angle, satisfying
where ι : L → M is the embedding, and vol ι * g is the volume form of L with respect to the induced metric ι * g. Moreover, the mean curvature vector H p at p ∈ L is given by
where grad ι * g θ is the gradient of the function θ with respect to the induced metric ι * g. Then, special Lagrangian submanifolds are defined as follows.
Definition 2.2 Let (M, I, ω, Ω) be a Calabi-Yau manifold. An oriented Lagrangian submanifold L of M is a special Lagrangian submanifold with the phase θ 0 ∈ R/2πZ if its Lagrangian angle θ : L → R/2πZ is the constant function θ = θ 0 .
Next, we fix our notation on Hamiltonian group actions. In this paper, a Lie group G acts on a manifold M from the right. We denote the right translation of g ∈ G by R g : M → M. The exponential map is denoted by Exp G : g → G. The Lie group G acts on g * by the coadjoint action. Suppose that a Lie group G with the Lie algebra g acts on a symplectic manifold (M, ω).
holds for each ξ ∈ g, where ξ # is the vector field on M generated by ξ. Then we have the following theorem. 
Since L is a Lagrangian submanifold of a Kähler manifold (M, I, ω), the complex structure
That is, every point in L is regular for ν. This implies that, for any c ∈ h * , the level set
If we fix an orientation on h, then we can define an orientation on T p (µ
2) is orientation preserving. Thus V c × H has the canonical orientation. Moreover, we note that, for each (p, h) ∈ V c × H and (v, ξ) ∈ T p V c ⊕ h ∼ = T (p,h) (V c × H), the following holds:
Secondly, we show φ *
The first term is zero, because v i ∈ T p L for i = 1, 2 and L is a Lagrangian submanifold. The second term is zero, because H is abelian. For the third term, we have 
# is a (0,1)-vector field and Ω is an (n, 0)-form on (M, I), we have
So we have
(4) Let grad φ * c g θ c be the gradient of θ c with respect to the metric φ *
Thus we see (grad φ * c g θ c ) (p,h) = (0,ξ(p)). Therefore the mean curvature vector H c is computed as follows.
Thus we see that the image of the map
Since the both maps are immersions, the mean curvature vector of the immersion
On the other hand, we have
Thus we finish the proof of Theorem 2.3. ✷
Basic Examples
In this section we apply Theorem 2.3 and give basic examples of Lagrangian mean curvature flows in the Euclidean spaces.
Self-shrinkers and self-expanders
Let M = C d equipped with the standard complex structure I, the standard Kähler form ω and the standard holomorphic volume form Ω. The Kähler metric is denoted by g.
Let H be S 1 = {ζ ∈ C | |ζ| = 1} and h its Lie algebra. Take ξ 0 ∈ h such that Exp
where
L is a special Lagrangian submanifold of (M, I, ω, Ω), and (ξ 0 )
Lemma 3.1 Under the above setting, the vector field χ on L in Theorem 2.3 (4) is given by
we finish the proof. ✷ Then we have the following.
Proof. First we show that, for each p ∈ µ −1 H (c 0 ) ∩ L, the integral curve {γ p (t)} of the vector field χ with γ p (0) = p exists for t ∈ [0, T ). Assume that, for some
H (c t 0 ) ∩ L and that γ p 0 (t) extends to t ∈ [0, t 0 + ǫ) for some ǫ > 0. This contradicts to the assumption. Thus we see that, for each p ∈ µ
Then the claim follows from Theorem 2.3 (5). ✷ The above examples are already known. In [14] Lee and Wang found them as examples of Lagrangian self-shrinkers or self-expanders. Here we reprove their results in our context.
That is, φ c is a self-shrinker if α c < 0, and a self-expander if α c > 0.
Together with Lemma 3.1 and Theorem 2.3 (4), we have
Lee and Wang also proved that {L t } t∈R forms an eternal solution for Brakke flow in [13, 14] .
Translating solitons
Let M = C d+1 equipped with the standard complex structure I, the standard Kähler form ω and the standard holomorphic volume form Ω. The Kähler metric is denoted by g.
Let H = R and h its Lie algebra. Take ξ 0 ∈ h such that Exp
where Rez d+1 is the real part of z d+1 ∈ C. We also have 
Proof. Note that (ξ 0 )
we finish the proof. ✷ In contrast to the case of Proposition 1, µ
n for any t ∈ R in this case. So, due to the above lemma, by the same argument as in the proof of Proposition 3.2, we see that, for any p ∈ L, the integral curve {γ p (t)} of the vector field χ with γ p (0) = p exists for t ∈ R . Theorem 2.3 implies the following. Proposition 3.5 Fix c 0 ∈ h * and set c t = c 0 − ta H for t ∈ R. Then the family of maps {F t : (µ
The next proposition shows that the above examples are Lagrangian translating solitons. These are higher dimensional generalization of the examples given in [5] .
.
where the last two equalities follow from Lemma 3.4 and Theorem 2.3 (4), respectively. ✷
Lagrangian mean curvature flows in hyperKähler manifolds
In this section we give examples of special Lagrangian submanifolds, which satisfies the conditions in Theorem 2.3, in non-flat Calabi-Yau manifolds. 
The eigenspaces V (λ), corresponding to the eigenvalues λ = ±1, are given by
Proof.
(1) Let g be the Kähler metric on (M, I, ω). For p ∈ M and v, w ∈ T p M, we have
(3) By the slice theorem, we see that M σ is a submanifold. Since σ * p :
, where λ = ±1, then we have
So we have ω p (v, w) = 0 for v, w ∈ V p (λ). Therefore we have dim V p (λ) ≤ n, where n is the complex dimension of (M, I).
(ii) g is a Kähler metric with respect to each complex structure I 1 , I 2 , I 3 .
Let ω j be the Kähler form of (M, g, I j ) for j = 1, 2, 3. Then ω C = ω 2 + √ −1ω 3 is a holomorphic symplectic form and Ω = ω n C n! is a holomorphic volume form of (M, I 1 ).
Moreover, (M, I 1 , ω 1 , Ω) is a Calabi-Yau 2n-fold in the sense of Definition 2.1. 
Proof. (1) Note that σ : M → M is an anti-holomorphic involution with respect to I 3 = I 1 I 2 . The claim follows from Lemma 4.1.
by Lemma 4.1, the claim follows. (3) Since ι * ω 2 is the Kähler form of (M σ , I 2 ) by (2), we see that
is the volume form vol ι * g of M σ . On the other hand, since ι * ω C = ι * ω 2 by (1) , we have 
Ricci-flat ALE spaces of type A n
In this subsection we construct 4-dimensional Ricci-flat ALE spaces of A n -type. Our construction seems to be slightly different from the original one due to [12] , but essentially the same.
In the following, we identify the quaternionic vector space H n+1 with the product C n+1 × C n+1 . The standard hyperKähler structure (g, I 1 , I 2 , I 3 ) on H n+1 is defined by
where z, z ′ , w, w ′ ∈ C n+1 are column vectors. The Kähler forms ω i corresponding to the complex structure I i for i = 1, 2, 3 are given by
The right action of the torus
. . .
Define a group homomorphism ρ :
Denote the kernel of ρ by K, and let ι : K → T n+1 be the embedding. Then we have the following exact sequence of abelian Lie groups:
We also have the corresponding exact sequences of the Lie algebras and their dual spaces:
Let e 0 , . . . , e n be the standard basis of t n+1 and e 0 , . . . , e n ∈ (t n+1 ) * the dual basis. We also denote the standard basis of t 1 by p 1 and the dual basis by p 1 ∈ (t 1 ) * . Then we have
If we set f i = e i − e i−1 for i = 1, . . . , n, then f 1 , . . . , f n is a basis of k. The dual basis f 1 , . . . , f n ∈ k * satisfies the following;
3)
The induced K-action on H n+1 admits a hyperKähler moment map
which is given by
Define the codimension one subspaces W i,j of k * for 0 ≤ i < j ≤ n by
where the second equality follows from j k=i+1 f k = e j − e i .
Proposition 5.1 The set of regular values of the hyperKähler moment map
Proof. In general, let us define a map ν :
uv).
Then it is easy to observe that ν is surjective, and that the set of regular points of ν is C 2 \ {(0, 0)}. By this observation, the image of the differential of µ K at (z, w) ∈ H n+1 is j∈J (z,w) ι * e j ⊗ ImH, where J (z,w) = {j | (z j , w j ) = (0, 0)}.
Therefore, the differential of µ K at (z, w) is surjective if and only if {ι * e j | j ∈ J (z,w) } spans k * . Since {ι * e 0 , . . . , ι * e k , . . . , ι * e n } forms a basis of k * for k = 0, . . . , n, the lemma follows.
ImH is a regular value of µ K , then we have a smooth hyperKähler quotient
on which T 1 = T n+1 /K acts, preserving the hyperKähler structure. If (α, β) is a critical value, then the hyperKähler quotient M(α, β) = µ K (α, β)/K has singularities. A point in M(α, β), which is represented by (z, w) ∈ µ
The hyperKähler structure (g, I 1 , I 2 , I 3 ) on µ −1 K (α, β)/K, where (α, β) is a regular value of µ K , is defined as follows. Consider the natural projection , β) , the vertical subspace V (z,w) is defined to be the kernel of the differential
is called the horizontal subspace. So we have the orthogonal decomposition
It is easy to see that V (z,w) is the tangent space of the K-orbit through (z, w) and that H (z,w) is a quaternionic subspace of T (z,w) H n+1 . The hyperKähler structure on M(α, β) is defined so that the map π * (z,w) induces an hyperKähler isometry from
Define the action of
Since this action preserves the hyperKähler structure of C 2 , the quotient space C 2 /Z n+1 is an orbifold which has the standard flat metric. A point in
is an isometry.
Proof. Define the map φ :
Note that (z, w) ∈ µ −1 K (0, 0) if and only if
This implies that the map φ is well-defined and injective. To see that φ is surjective, fix an arbitrary (z, w) ∈ µ −1 K (0, 0). By (5.5), there exists ζ k ∈ C such that
Thus we see that φ is surjective.
It is easy to see that the image of φ * (u,v) is perpendicular to the tangent space of the K-orbit through φ(u, v) for (u, v) ∈ C 2 \ {(0, 0)}. This implies that φ * (u,v) induces an isometry from T (u,v) C 2 to the horizontal subspace
So we see that φ is an isometry. Thus we finish the proof. ✷ Thus we see that (M(0, 0), I 1 ) is isomorphic to C 2 /Z n+1 Moreover, it is wellknown that (M(α, β), I 1 ) is a minimal resolution of (M(0, 0), I 1 ).
Torus actions on Ricci-flat ALE spaces of type A n
From now on, we fix
If we set h −1 = −∞ and h n+1 = ∞, then, by (5.6) and (5.7), we have
3 ) is a smooth manifold, on which T 1 = T n+1 /K acts, preserving the hyperKähler structure. The Kähler form corresponding to I j is denoted by ω j for j = 1, 2, 3. Then ω C = ω 2 + √ −1ω 3 is a holomorphic symplectic form on (M(α, 0),
Define the action of a torus
It is easy to see that the G-action is well-defined. Note that the action of (1, γ 1 ) ∈ G is the same as the action of ρ(γ 1 , 1, . . . , 1) ∈ T 1 , where ρ : T n+1 → T 1 is the group homomorphism in (5.2). Denote the standard basis of g by p 0 , p 1 and the dual basis by p 0 , p 1 ∈ g * . Then we have the following. Since the proof is straightforward, we omit the proof. 
We remark that, in (5.11), the term
. . , n due to (5.9).
We note that, due to (5.8), for each y ∈ R, there exists unique k 0 ∈ {0, . . . , n+1} such that −h k 0 −1 > y ≥ −h k 0 holds.
(1) Denote the right hand side of (5.12) by ∆. First we show Imµ G ⊂ ∆. Fix any xp
Thus we see Imµ G ⊂ ∆.
Next we show Imµ G ⊃ ∆. Fix any xp 0 + yp 1 ∈ ∆. Then there exists unique k 0 ∈ {0, . . . , n + 1} such that −h k 0 −1 > y ≥ −h k 0 holds. We want to show that there exists [ 
, it is equivalent to show that there exist (z, w) ∈ C n+1 ×C n+1 and d 0 ∈ C such that (5.13) holds and f y (d 0 ) = x, where f y : C → R is a function defined by
On the other hand, since xp 0 + yp 1 ∈ ∆, we have
Moreover, by (5.14), there exists (z, w) ∈ C n+1 × C n+1 such that (5.13) holds. So we see that there exists
. In the construction, there are some ambiguities for the choice of d 0 ∈ C and (z, w) ∈ C n+1 × C n+1 . It is easy to see that the ambiguity for [z, w] K corresponds to the G-action.
✷ Set
for k = 0, . . . , n + 1, and set v k = l k ∩ l k+1 for k = 0, . . . , n. Then the image of the moment map µ G is decomposed in the following way ( Fig.1) :
where int(Imµ G ) and int(l k ) are the interior of Imµ G and l k , respectively. Note that
is the exceptional divisor for the minimal resolution of C 2 /Z n+1 . Next we determine the isotropy subgroup
, whose Lie algebra is generated by p 0 − (n + 1 − k 0 )p 1 . Moreover, the following holds.
In particular, µ
Proof. By the proof of Proposition 5.4, the condition xp 0 + yp 1 ∈ Imµ G holds if and only if there exist (z, w) ∈ C n+1 × C n+1 and d 0 ∈ C such that (5.13) holds and f y (d 0 ) = x, where the function f y is defined by (5.17).
(y +h i ), (5.18) implies d 0 = 0. Then (5.13) implies (5.21). Moreover, the isotropy subgroup can be easily determined by the following.
. By the same argument as in the proof of (2), we see the claim.
✷ Next we define a good local coordinate around a fixed point. Let v k 0 ∈ Imµ G as in (5.20) for k 0 = 0, 1, . . . , n. Since µ
Define an open set U k 0 in M(α, 0) by
,
It is easy to see that ϕ k 0 : U k 0 → C 2 is well-defined and that P k 0 ∈ U k 0 and ϕ k 0 (P k 0 ) = (0, 0). Moreover, we have the following.
Proof. (1) To prove the claim, we need to describe (M(α, 0), I 1 ) as a quotient in geometric invariant theory. Note that M(α, 0) is an example of toric hyperKähler varieties, which were introduced in [2] . We refer the readers to [11] for basic properties of toric hyperKähler varieties.
× by ρ C (ζ) = ζ 0 . . . ζ n . Let K C be the kernel of ρ C , which is the complexification of the torus K. If we set
then we have
Proof. Due to Lemma 3.6 in [11] , a point (z, w) ∈ µ
On the other hand, by (5.6) and (5.3), we have
So the claim follows from (5.24) and (5.25).
is also given by the right hand side of (5.23) for (z, w)
2(h
where u 1 (z, w), u 2 (z, w) in the right hand side are the k 0 -th component. Since z 0 w 0 = · · · = z n w n = u 1 (z, w)u 2 (z, w), the right hand side in (5.26) depends only on u 1 (z, w), u 2 (z, w). So it can be seen that ϕ k 0 : U k 0 → C 2 is bijective, moreover, a homeomorphism. Thus we see that ϕ k 0 : U k 0 → C 2 is a holomorphic local coordinate.
(2) Define smooth curvesγ i : (−ǫ, ǫ) → µ
Then we have γ 1 (0) = γ 2 (0) = P k 0 and 
It is easy to see that this map is well-defined. Then the following holds.
is an isometric involution, which is anti-holomorphic with respect to I 1 and holomorphic with respect to
It is easy to see that σ is an isometric involution, which is antiholomorphic with respect to I 1 and holomorphic with respect to I 2 . Moreover, it is easy to see that the differential σ * (z,w) : T (z,w) H n+1 → T σ(z,w) H n+1 induces an isometry from the horizontal subspace H (z,w) to H σ(z,w) in (5.4) for (z, w) ∈ µ −1 K (α, 0). Therefore the induced map σ is also an isometric involution, which is anti-holomorphic with respect to I 1 and holomorphic with respect to I 2 . (2) Proposition 5.9 Let M σ be the set of fixed points of σ. Then the following holds. 
Then there exists ζ ∈ K such that (z, w) = (zζ, wζ −1 ). So we have (zζ
As in the proof of Proposition 5.4 (1), it is equivalent to show that there exist (z, w) ∈ R n+1 × R 
Since we have assumed that a, b ∈ Z are coprime, it is easy to see that . Since the third case is similar to the first one, we will discuss the first and second cases. > 0, we have −∞ = t −1 < t 0 < t 1 < · · · < t n < t n+1 = ∞. G (v k 0 ) when t goes to t k 0 . Let us describe the singularity of the flow {F t } t∈[0,t k 0 ) . In Proposition 5.6 we have constructed the holomorphic local coordinate ϕ k 0 : U k 0 → C 2 around P k 0 . We write ϕ k 0 (q) = (u 1 (q), u 2 (q)) for q ∈ U k 0 and u i = x i + √ −1y i , where x i , y i ∈ R, for i = 1, 2. By (5.23), we have If we consider the rescaling
